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Abstract

We derive a change of variable formula for non-anticipative functionals defined on the space of R<-valued
right-continuous paths with left limits. The functionals are only required to possess certain directional
derivatives, which may be computed pathwise. Our results lead to functional extensions of the It6 formula
for a large class of stochastic processes, including semimartingales and Dirichlet processes. In particular,
we show the stability of the class of semimartingales under certain functional transformations.
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In his seminal paper Calcul d’It0 sans probabilités [7], Hans Follmer proposed a non-
probabilistic version of the Itd formula [9]: Follmer showed that if a real-valued cadlag (right-
continuous with left limits) function x has finite quadratic variation along a sequence m,, = (0 =
ty <t ---<ty, =T) of subdivisions of [0, T'] with step size decreasing to zero, in the sense that
the sequence of discrete measures

Z‘x (tH1) — tk)| 8¢n

converges vaguely to a Radon measure with Lebesgue decomposition & + ), cfo.7 1Ax ()|%6;
then for f € C%(R) one can define the pathwise integral

T
[ £y anx = tim Zf (x(ef) —x(@) m
0

as a limit of Riemann sums along the subdivision 7w = (,),>1. In particular if X = (X;);¢[0,7]
is a semimartingale [5,13,14], which is the classical setting for stochastic calculus, the paths
of X have finite quadratic variation along such subsequences: when applied to the paths of X,
Follmer’s integral (1) then coincides, with probability one, with the Itd stochastic integral
fOT f/(X)dX with respect to the semimartingale X. This construction may in fact be carried
out for a more general class of processes, including the class of Dirichlet processes [4,7,8,
11,15], in which case the integral (1) is the forward integral studied by Russo and Vallois [15].

Of course, the 1t6 stochastic integral with respect to a semimartingale X may be defined for
a much larger class of integrands than just functions of X. In particular, for a cadlag process Y
defined as a non-anticipative functional Y (t) = F;(X (1), 0 < u < t) of X, the stochastic integral
fOT Y d X may be defined as a limit of non-anticipative Riemann sums [14].

Using a notion of directional derivative for functionals proposed by Dupire [6], we extend
Follmer’s pathwise change of variable formula to non-anticipative functionals on the space
D([0, T],R?) of cadlag paths (Theorem 3). The requirement on the functionals is to possess
certain directional derivatives which may be computed pathwise. In particular, we do not require
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Fréchet differentiability of the functionals. Our construction allows to define a pathwise inte-
gral f F;(x)dx, defined as a limit of Riemann sums, for a class of functionals F of a cadlag
path x with finite quadratic variation. Our results lead to functional extensions of the It6 formula
for semimartingales (Section 6) and Dirichlet processes (Section 5). In particular, we show the
stability of the class of semimartingales under functional transformations verifying a regular-
ity condition. These results yield a non-probabilistic proof for functional It6 formulas obtained
in [2,3,6] using probabilistic methods and extend them to the case of discontinuous semimartin-
gales.

Notation. For a path x € D([0, T], R%), denote by x(¢) the value of x at ¢ and by x; =
(x(u), 0 < u <1t) the restriction of x to [0, #]. Thus x; € D([0, t], R?). For a stochastic pro-
cess X we shall similarly denote X (¢) its value at t and X; = (X (u), 0 < u < t) its path
on [0, 7].

1. Non-anticipative functionals on spaces of paths

Let T > 0, and U C R? be an open subset of R and S € R” be a Borel subset of R”. We
call “U-valued cadlag function” a right-continuous function f :[0, T'] +— U with left limits such
that for each r € |0, T'], f(t—) € U. Denote by U; = D([0,t], U) (resp. S; = D([0,¢], S)) the
space of U-valued cadlag functions (resp. S), and Co([0, ¢], U) the set of continuous functions
with values in U.

When dealing with functionals of a path x(#) indexed by time, an important class is formed
by those which are non-anticipative, in the sense that they only depend on the past values of x.
A family Y :[0, T] x Ur — R of functionals is said to be non-anticipative if, for all (¢, x) €
[0, T] x Ur, Y(t,x) =Y (t, x;) where x; = x|[0,;] denotes the restriction of the path x to [0, ].
A non-anticipative functional may thus be represented as Y (¢, x) = F;(x;) where (F;);c[o,7] 1S a
family of maps F; :U; — R. This motivates the following definition:

Definition 1 (Non-anticipative functionals on path space). A non-anticipative functional on U7
is a family F = (F;):e[0,7] of maps

F,:UI%R

Let us recall, for the sake of completeness, some definitions on measurability (see [5, Vol. I]).
Consider, on the product space U7 x St, the filtration (F;) generated by the canonical process

X, V):Ur xS x[0, T]—U xS
(x,v),1 = (X, V)((x,v),1) = (x(1), v(1))

F; is the smallest sigma-algebra on Ur x St such that all coordinate maps (X (., s), V(.,s)),
s € [0, t] are F;-measurable. The optional sigma-algebra O on Ur x St x [0, T'] is the sigma-
algebra on Ur x St x [0, T'] generated by all mappings f :Ur x St x [0, T] — R adapted to
(Ft)tefo,17 such that for each w € Ur x St, f(w,.):[0,T] — R is right-continuous and has
limits from the left. The predictable sigma-algebra P is the sigma-algebra on Uy x St x [0, T']
generated by all mappings f :Ur x St x [0, T] — R adapted to (F;);c(0,7] such that for each
weUr x St, f(w,.):[0, T]+— R is left-continuous.
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A positive map 1 :Ur x St — [0, oo[ is called an optional time if {w € Ur x ST, T(W) <
t} e F; forevery t € [0, T].

In this setting, a map Y :Ur x St x [0, T] — R is P-measurable (predictable) if [5, Vol. I,
Par. 97], for all (t,w) € [0, T] x Uy x ST, Y(t,w) = Y (t, w;—) where w,;_ denotes the path
defined on [0, 7] by

w— () =w(u), uell,iz], wi— (1) =w(t—)

Note that w;_ is cadlag and should not be confused with the left-continuous path u — w((u—).
Typical examples of predictable functionals are integral functionals, e.g.

t

Y(t,x):/Gs(xs)ds

0

where G is a non-anticipative, locally integrable functional.
We consider throughout this paper non-anticipative functionals

F= (Ft)te[O,T], Fi:Uy xS — R
where F has a “predictable” dependence with respect to the second argument:
Viel[0,T], V(x,v) el xS, Fr(xs,vr) = Fr(xs, vr-) (2)

F can be viewed as a functional on the vector bundle 7" = [ J, €[0.7] U; x S;. We will also consider
non-anticipative functionals F' = (F;);c[0,7[ indexed by [0, T'[.

1.1. Horizontal and vertical perturbation of a path

Consider a path x € D([0, T'], U) and denote by x; € U; its restriction to [0, t] for t < T'. For
h > 0, the horizontal extension x; , € D([0, 1 + h], R%) of x; to [0, t + 4] is defined as

xepnw)=xw), uel0,t]; xepn(u)y=x(t), wuelt,t+h] 3)

For h € R? small enough, we define the vertical perturbation xth of x; as the cadlag path obtained
by shifting the endpoint by A:

xMw) =x,(w), uel0,1], XMty =x(t) +h 4)

or in other words xth (u) = x;(u) + h1;—,. By convention, xth n = (x/ )., 1.e. the vertical pertur-
bation precedes the horizontal extension so x,', is still a cadlag path.

We now define a distance between two paths, not necessarily defined on the same time in-
terval. For T >t =t+h>t>0, (x,v) €lU; x S:r and (x’,v") € D([0,1 + h],R?) x S, 1,
define

doo ((x, ), (x,0')) = sup_ e, () = x" ()| + sup Ve, () — ' @)| +h (5)
uel0,t+h] u€l0,t+n]
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(7, do) is then a metric space. If the paths (x, v), (x/, v) are defined on the same time interval,
then doo ((x, v), (x/, v")) is simply the distance in supremum norm.

1.2. Classes of non-anticipative functionals

Using the distance d, defined above, we now introduce various notions of continuity for
non-anticipative functionals.

Definition 2 (Continuity at fixed times). A non-anticipative functional F' = (F;);c(0, 7] 1s said to
be continuous at fixed times if for any t < T, F; :U; x S; — R is continuous for the supremum
norm.

Definition 3 (Left-continuous functionals). Define F° as the set of functionals F' = (F;, t €
[0, T']) which verify:
Vt€[0,T], Ve >0, V(x,v) el xS, In >0, Yh € [0, t],
V(x', V) €Uimp X Si—hy doo((x,0), (x/,0)) < = |F(x,v) — Fop(x',V)] <e
(6)
Definition 4 (Right-continuous functionals). Define F° as the set of functionals F = (F;, t €
[0, T[) which verify
Vte[0,T], Ve >0, V(x,v) ey x&;, An >0, Yhe [0, T — ],
V(x',0') €Upn X Siny doo((x,0), (X', V) < = ‘Ft(x, v) — Fryn(x, v/)| <e€
(7)

We denote F*° = [F>° N IF/° the set of continuous non-anticipative functionals.
We call a functional “boundedness preserving” if it is bounded on each bounded set of paths:

Definition 5 (Boundedness-preserving functionals). Define B as the set of non-anticipative func-
tionals F' such that for any compact subset K C U and any R > 0, there exists Cx g > 0 such
that:

Vi<T, ¥(x,v) € D([0,1],K) xS, sup |u(s)| <R = |Fi(x,v)| <Ck.r (8)
s€[0,¢]

In particular if F' € B, it is “locally” bounded in the neighborhood of any given path i.e.
Vx,v) €eUr xSr, AC >0, n>0, V1 €[0,T], V(x',v') el x &},

doo((xr,vp), (x/,0)) <n = Vrel0,T], |F(x,V)|[<C 9)

The following result describes the behavior of paths generated by the functionals in the above
classes:
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Proposition 1 (Pathwise regularity).

1. If F € F}° then for any (x,v) € Ut x St, the path t — F;(x,—, v;_) is left-continuous.

2. If F € F° then for any (x,v) € Ur x St, the path t — F;(x;, v;) is right-continuous.

3. If F € F*° then for any (x,v) € Ur x St, the path t — F;(x;, vy) is cadlag and continuous
at all points where x and v are continuous.

4. If F € F* further verifies (2) then for any (x,v) € Ur x S, the path t — F;(x;, vy) is
cadlag and continuous at all points where x is continuous.

5. If F € B, then for any (x,v) € Ur X ST, the path t — F;(x;, v;) is bounded.

Proof. 1.Let F € IFZOO andt € [0, T). For h > 0O sufficiently small,

doo((Xr—ps Vi—p), (=, v;2)) = sup |x(u) —x(t=)|+ sup |v(w)—v(t—)|+h

ue(t—nh,t) ue(t—nh,t)

(10)

Since x and v are cadlag, this quantity converges to 0 as 7 — 0+, so
h—0%
Fin (i vi—p) — Fi (-, v,-) =——— 0

so t+— F;(x;_, v,_) is left-continuous.
2.Let FeF° and t € [0, T). For h > 0 sufficiently small,

doo((Xrh, Vegn)s (i, v)) = sup  |x(u) —x(®)|+ sup |v(w) —v(@®)|+h (11)
ue(t,t+h) uelt,t+h)

Since x and v are cadlag, this quantity converges to 0 as &4 — 0+, so

h—0t
Foonign, vign) — Fi(xg,v5)) —— 0

so t — F;(x;, vy) 1s right-continuous.

3. Assume now that F' € F*° and let t € |0, T']. Denote (Ax(t), Av(t)) the jump of (x, v) at
time ¢. Then

doo ((Xt—p, Vi—p), (x,_Ax(t), U;Av(t))) = sup |xw)—x(®)|+ sup |[v@w)—v@)|+h

uelt—nh,t) uelt—nh,t)

and this quantity goes to 0 because x and v have left limits. Hence the path has left limit
Fi(x, Ax(r) v, Av(0y at ¢. A similar reasoning proves that it has right-limit £, (x;, v;).
4. 1f F € F™ verifies (2), for ¢ € |0, T] the path ¢ — F;(x;, v;) has left limit F,(x; ~*®,

v, %Y@y at ¢, but (2) implies that this left limit equals Fy(x; “*®, v,). O

1.3. Measurability properties

The following result, proved in Appendix B, clarifies the measurability properties of processes
defined by functionals in [F}°, F>°:
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Theorem 2. If F is continuous at fixed time, then the process Y defined by Y ((x,v),t) =
Fy(x;,v;) is Fi-adapted. If F € F}° or F € F°, then:

1. The process Y defined by Y ((x, v),t) = F;(x;, v;) is optional i.e. O-measurable.
2. The process Z defined by Z((x,v),t) = F;(x;—, v;_) is predictable i.e. P-measurable.

2. Pathwise derivatives of non-anticipative functionals

We define two notions of pathwise derivatives for a non-anticipative functional F =
(F)tel0,7): the horizontal derivative, which is a derivative with respect to time, and the verti-
cal derivative, which is a derivative with respect to the current value of underlying path x [2,3,6].

2.1. Horizontal derivative

Definition 6 (Horizontal derivative). The horizontal derivative at (x,v) € U; x S; of non-
anticipative functional F = (F};)s¢[o,r[ 18 defined as

Fl+h(-xl,h’ vt,]’l) - Ft(-x’ U)

DiF(x,v)= li 12
(Flx,v)= lim, p (12)
if the corresponding limit exists. If (12) is defined for all (x, v) € T the map
D/F U xS — R4
(x,v) > D;F(x,v) (13)

defines a non-anticipative functional DF = (D; F);c(0,1[, the horizontal derivative of F.

We will occasionally use the following “local Lipschitz property” that is weaker than hori-
zontal differentiability:

Definition 7. A non-anticipative functional F is said to have the horizontal local Lipschitz prop-
erty if and only if:

V(x,v) €eUr xSr, AC >0, n>0, Vi < < T, V(x', V') e Uy, x Sy,

doo((xfl’ vfl)’ (x/’ U/)) <n = |F[2 (xl/l,tz—ll ’ U;IJZ_[]) - Ffl ((xt/] ’ U;1))| <C(—n)
(14)

2.2. Vertical derivative

Dupire [6] introduced a pathwise spatial derivative for non-anticipative functionals, which we
now introduce. Denote (¢;, i = 1..d) the canonical basis in R?.

Definition 8. A non-anticipative functional F' = (F;);c(0,7] is said to be vertically differentiable
at (x,v) € D([0, 1], RY) x D([0, ], ST) if
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RY > R

e — Fl‘ (Xte, Ut)
is differentiable at 0. Its gradient at O

hei

F, ) - F ’
VoFi(e,v) = (3 Fi(x,v), i =1..d)  where ; Fy(x,v) = lim b ) = B, v)

—0 h (15)

is called the vertical derivative of F; at (x, v). If (15) is defined for all (x,v) € T, the vertical
derivative

V. F:U; xS — R4

(x,v) > Vi Fi(x,v) (16)
defines a non-anticipative functional V, F' = (V F})sc[o0,77 with values in R4,

Remark 1. If a vertically differentiable functional verifies (2), its vertical derivative also veri-
fies (2).

Remark 2. 9; F;(x, v) is simply the directional derivative of F; in direction (1)e;, 0). Note that
this involves examining cadlag perturbations of the path x, even if x is continuous. Also note
that, unlike the Fréchet or Malliavin derivatives [12,17], the computation of V, F involves local
perturbations of x.

Remark 3.If F; (x, v) = f(t,x(¢)) with f € C11([0, T[ x R?) then we retrieve the usual partial
derivatives:

Dy F(x,v) =8, f(t, x(1)), Vi Fi (i, v) = Vi f (1, x (1))

Remark 4. Note that the assumption (2) that F is predictable with respect to the second variable
entails that for any ¢ € [0, T'], F;(x;, v{) = F;(x;, v;) so an analogous notion of derivative with
respect to v would be identically zero under assumption (2).

If F admits a horizontal (resp. vertical) derivative DF (resp. V, F') we may iterate the opera-
tions described above and define higher order horizontal and vertical derivatives.

Definition 9. Let / C [0, T] be a subinterval of [0, T']. Define C/:¥(I) as the set of non-
anticipative functionals F' = (F});cs such that:

e F is continuous at fixed times: F; :U; x S; +— R is continuous for the supremum norm.
e F admits j horizontal derivatives and k vertical derivatives at all (x,v) e Uy x Sy, t € 1.
e D"F,m< j, Vi F,n <k are continuous at fixed times ¢ € [.
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3. Change of variable formula for functionals of a continuous path

We now state our first main result, a functional change of variable formula which extends
Follmer’s result [7] to path-dependent functionals. We denote here Sj the set of positive sym-
metric d x d matrices.

Definition 10. Let /T, = (zj, ..., t,’j(n)), where 0 =77 <t <--- < t,’j(n) =T, be a sequence of
subdivisions of [0, T'] with step decreasing to 0 as n — oo. f € Co([0, T], R) is said to have
finite quadratic variation along (i, ) if the sequence of discrete measures:

k(n)—1

g = Y (F(ih) = £() 8y (17)

i=0

where §; is the Dirac measure at #, converge vaguely to a Radon measure £ on [0, T'] whose
atomic part is null. The increasing function [ f] defined by

[£1(t) = &([0, 1])

is then called the quadratic variation of f along the sequence ().

x € Co([0,T],U) is said to have finite quadratic variation along the sequence (i) if the
functions x;, 1 <i <d and x; +x;, 1 <i < j <d do. The quadratic variation of x along (7,) is
the Sj—valued function x defined by

1
[x]ii = [xi], [x]ij=§([Xi+xj]—[xi]—[xj]), I # ] (18)

Theorem 3 (Change of variable formula for functionals of continuous paths). Let (x,v) €
Co([0,T],U) x St such that x has finite quadratic variation along (mw,) and verifies
SUpsep0,71—7, |V(#) — v(t—)| = 0. Denote:

k(n)—1
X = X)) g0 + x(T) 1y (0)
i=0
k(n)—1

VIO = Y v (O oMy, k=1, — 1] (19)
i=0

Then for any non-anticipative functional F € C1-2([0, T[) such that:

1. F,V.F,V2F €F>,
2. V)% F, DF satisfy the local boundedness property (9),

the following limit
k(n)—1

nli)ngo X(; Vi Fy (x;’;l_,vgi_)(x(tfﬂ) —x(tl-")) (20)
=
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exists. Denoting this limit by fOT Vi F(xy, v,)d™ x we have

T

1
FT(XT,UT)—Fo(Xo,vo)=/DrFt(xu,vu)du+/Etr(’V)%Fz(xu,vu)d[X](u))
0
T

+foF(xu,vu)d”x 2D
0

Remark S (Follmer integral). The limit (20), which we call the Follmer integral, was defined
in [7] for integrands of the form f’(X(t)) where f € C2(RY). Tt depends a priori on the se-

quence 1 of subdivisions, hence the notation fOT Vi F(xy,v,)d™ x. We will see in Section 6 that
when x is the sample path of a semimartingale, the limit is in fact almost-surely independent of
the choice of 7.

Remark 6. The regularity conditions on F are given independently of (x, v) and of the sequence
of subdivisions (77,).

Proof. Denote dx;' = x(tl."H) — x(#"). Since x is continuous hence uniformly continuous on
[0, T'], and using Lemma 8 for v, the quantity

= sup{ o) = o(e)] + ) () |+ iy = 17], 0< i <kemy = 1, we[1.12,,))
(22)

converges to 0 as n — oo. Since V%F , DF satisfy the local boundedness property (9), for n
sufficiently large there exists C > 0 such that

Vi<T, V(x',v) el x S,
doo((xt, V1), (x’, v/)) <n, = |D;Ft(x/, v/)‘ < C, |V§F, (x/, v’)} <C

Denoting K = {x(u), s < u <t} which is a compact subset of U, and U =R — U its comple-
ment, one can also assume n sufficiently large so that d(K, U¢) > n,.
For i < k(n) — 1, consider the decomposition:

Fin (Xriz 'Unn ) F"( n Unn ):F” (.xnn Unn n) F”( n nn)
fivq o= el — t l‘ — Uit — tivq i = ikl t s l

+ Fy (Xl vl ) — Fyn (Xl vl ) (23)

n
I I

where we have used property (2) to have Fti" (X, Vi) = F’i" (xn, Vi ). The first term can be
written v (h}) — v (0) where

VW) = Fya (s 0 0 ,) (24)

Since F € C2([0, TY)), Y is right-differentiable, and moreover by Proposition 1, i is left-
continuous, SO:
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g =t
n n n ny __ n n
Fir, (g g V) = Fip (g, vin) = / Dyl (g o v ) (23)
0
The second term can be written ¢ (8xlf’) — ¢(0), where
¢ () = Fir (xp”, vjn ) (26)

1

Since F € C12([0, T]), ¢ is well defined and C? on the convex set B(x (1), np) C U, with

¢’ (u) = Vthf (x,r:niv UZn_)

¢" () = ViFyp (xp vin_) 27)

So a second order Taylor expansion of ¢ at u = 0 yields

Fyn (xpn, vZn_) — Fyr (x;:,l_, vZn_) = Vi Fpr (XZ”—’ vl )éx]

] 1

(V2R (e )oxtaxt) +rf (28)

1 — i
where ' is bounded by

Klsx?” sup  [VEEp (e T ) = VR (e v )] (29)
x€B(Xx ('), nn) : ' '

1

Denote i" (¢) the index such that 7 € [, 0’ th ) +1)- We now sum all the terms above from i =0
to k(n) — 1.

e The left-hand side of (23) yields Fr(x7_, v _) — Fo(xo, vo), which converges to Fr(x7_,
vr—) — Fy(xo, vo) by left-continuity of F, and this quantity equals Fr(xt, vr) — Fo(x0, vo)
since x is continuous and F' is predictable in the second variable.

e The first line in the right-hand side can be written:

T
/ D, F(xt",, v ) du (30)

n n n
iy lin " in oy Ml
0

where the integrand converges to D, F'(x,, v,—) and is bounded by C. Hence the dominated
convergence theorem applies and (30) converges to

T T
fDuF(xu, vy—)du = fDuF(xu, Vu) (31)
0 0

since v, = v,_, du-almost everywhere.
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e The second line can be written:

k(n)—1
2 VaFy (e v ) Gy, —x)
i=0
k(n)—1 k(n)—1
+ 2 UV (v ) xaxt ]+ (32)
[V%F,in (s v?ﬂ—)]llell{’,t{;l] is bounded by C, and converges to V%Ft(x,, v;—) by left-

continuity of V%F , and the paths of both are left-continuous by Proposition 1. Since x and
the subdivision (ir,) are as in Definition 10, Lemma 12 in Appendix C applies and gives as

limit:
T
0

since VZF is predictable in the second variable i.e. verifies (2). Using the same lemma, since

("VZF, (xu, va)-dlx]1(w)) (33)

| —
| —

T
r("VZF, (xy, vum).d[x1()) = f
0

|/'| is bounded by €/'|5x; |> where €' converges to 0 and is bounded by 2C, Zirl:(,tlz(iv;+1 rf
converges to 0.
Since all other terms converge, the limit:
k(n)—1
lim Y VeF (vl ) (x (i) — (1)) (34)
i=0

exists, and the result is established. O
4. Change of variable formula for functionals of a cadlag path

We will now extend the previous result to functionals of cadlag paths. The following definition
is a taken from Follmer [7]:

Definition 11. Let 7, = (t(’}, e t,’:(n)), where 0 = t(’)’ < t{l <o K t,’:(n) = T be a sequence of
subdivisions of [0, T] with step decreasing to 0 as n — oo. f € D([0, T],R) is said to have
finite quadratic variation along (i, ) if the sequence of discrete measures:

k(n)—1

£ = 3" () - 1)) oy (35)

i=0

where &, is the Dirac measure at 7, converge vaguely to a Radon measure & on [0, 7'] such that

A0 =E(10.1) = [F1°D + Y (Af(s)) (36)

O<s<t
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where [ f]¢ is the continuous part of [ f]. [ f] is called quadratic variation of f along the se-
quence (1,). x € Ur is said to have finite quadratic variation along the sequence (m,) if the
functions x;, 1 <i <d and x; +x;, 1 <i < j <d do. The quadratic variation of x along (7,) is
the S;-Valued function x defined by

1
[x1ii = [x:], [x],-j=5([x,~+x,-]—[x,-]—[x,-]), i #j (37)

Theorem 4 (Change of variable formula for functionals of discontinuous paths). Let (x,v) €
U x ST where x has finite quadratic variation along (,,) and

sup  |x () —x(t=)| + [v(®) —v(—=)| =0 (38)
t€l0,T]—my,
Denote
k(n)—1
X0 =Y x(tig1 ) ) @ + (T 1y (0)
i=0
k(n)—1
VIO = Y v O (ML), k=1, — 1] (39)
i=0

Then for any non-anticipative functional F € C1“2([0, T[) such that:

1. F is predictable in the second variable in the sense of (2),
2. V)%F and DF have the local boundedness property (9),

3. F,V,F,VIF eF>,

4. V. F has the horizontal local Lipschitz property (14),

the Follmer integral, defined as the limit

k(n)—1

foF;(xz_,vt—)d”x = lim )~ VxFr;I(fox(t’ﬁ),vZn_)(x(ff’H)—x(fz")) (40)
10.7] i=0
exists and

Fr(xr,vr) — Fo(xo, vo)

1 12 c
= DtFt(xu—, vu—)du + 5 tI-( Vx Ft(xu—’ UM—) d[x] (M))
10,T] 10,T]

+ / ViF(xi—, v )d" x
10,T]

+ Y [Fulous vu) = Fuu, i) = Vi oy, vu). Ax (u)] (41)
uel0,7]
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Remark 7. Condition (38) simply means that the subdivision asymptotically contains all discon-
tinuity points of (x, v). Since a cadlag function has at most a countable set of discontinuities,
this can always be achieved by adding e.g. the discontinuity points {t € [0, T'], max(|]Ax(t)|,
|Av(r)]) = 1/n} to 7,.

Proof. Denote 6x;" = x (¢ L)~ x(¢!"). Lemma 8 implies that

= sup{[vGn) = v(ef)| + |x ) —x ()| + |ef -

0<i<km—1, ueld )} —>0 (42)

9

so for n sufficiently large there exists C > 0 such that, for any ¢ < T, for any (x',v) e Uy x S,
doo (X7, V1), (X', ) <1y = D F(x',v))| < C, |[V2F,(x’,v")| < C, using the local bounded-
ness property (9).

For € > 0, we separate the jump times of x in two sets: a finite set C1(€) and a set C>(€) such
that Zsng(e) |Axg |2 < €2. We also separate the indices 0 <7 < k(n) — 1 in two sets: a set ] ()
such that (#;,#;+1] contains at least a time in Cy(¢), and its complementary 75 (€). Denoting

= {x(u), s <u <t} which is a compact subset of U, and U° =R — U, one may choose ¢
sufﬁc1ently small and » sufficiently large so that d(K, U¢) > € 4+ n,,.

Denote " (¢) the index such that 7 € [¢]', 1 ;). Property (38) implies that for n sufficiently

large, C1(e) C{t} |, i=1..k(n)} so

n, Ax(tl+1) n, Ax(z )
Z Fir,, (xfz+1 ’vZnﬂ )= Fyy ( ’ vZ”_)
0<i <k(n)—1, i€l (€)
- Z Fy(xu, vy) — Fy(xy—, vy—) (43)

uel0,T]UC (¢)

as n — 0o, by left-continuity of F'.
Let us now consider, for i € I (€), i < k(n) — 1, the decomposition:

n,Ax(" ) n,Ax(t")
F i+1 n F i n
1 (xt{’+1— Vi~ ) 1 (xtlf’— » Uy —)

n,Ax(t" )
+1 n
:Fl’” (.xln _ ! ,Ut )_
1N i i+l

+F,f+l(xf;,+l_,vzn’h?) Ft”( n, Zn)

n n
iy (xt” —» Upn —)
i+1 N hig i+1

+Ftn( n, :lln ) Fl"( ”nAx(t ),U:ln_)

1

(44)

where we have used the property (2) to obtain th (x;’,1 , vfn) = Ffi" (xﬁ, , vfﬂ_). The third line in the
right-hand side can be written v (h}') — v (0) where

Y() = Fpu(x) "o Vpn ) (45)
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Since F € (Cl’z([(), T]), ¥ is right-differentiable, and moreover by Proposition 1, i is continu-
ous, So:

tin+1_’in
Fip (5o s O ) = Fo (x, v ) = f Dy i F (xpn s v ) du (46)
[0 1771 14 i [ [
0

The fourth line can be written ¢ (x (¢, | —) — x (")) — ¢(0), where

( n, Ax(t”)+u’ U?p_)
1

¢ (u) = Fin(x (47)

Since F € C12([0, T]), ¢ is well defined and C? on the convex set B(x(t'), ny +€) C U, with

( n, Ax(t )~|—u ( n, Ax(t Hu o, )

’ n__
I

¢ () =V Fyn )¢ () = ViFy (48)

So a second order Taylor expansion of ¢ at u =0 yields

Fp o) = Fp (™)

= V. Fp (xS, vZn_)(x (11 =) = x(21)
1
V2 F (a2 Y (x070) () () =< @)+ 49

where r}!| is bounded by

K| =) = (@) sup [VEE Gt uh ) = VR (o )| (50)
x€B(x(t]'),nn+€) !

Similarly, the second line of (44) can be written ¢ (Ax (¢, |)) — ¢ (0) where ¢ (u) = Fyy | (",
t i+1

v ). So, a second order Taylor expansion of ¢ at u = 0 yields:
i+1—
n, Ax(tz+l) n n n
Fir Cogn = v ) = Fip O vl )

— n n n

= Vi Fl{ﬂr] (xfi+1 ’ vtl”+1 )Ax (ti+1)

1 n n t n n n
) u[V? Fy, (xti”ﬂ—’ vir — )) Ax (') Ax (8 ) + iy 6D

where rl?fz is bounded by

Klax@ ) s V2R (o T ) = VER ()] 52
x€B(x(t]"),nu+€) ! !
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Using the horizontal local Lipschitz property (14) for V, F, for n sufficiently large:

Vi (g vt ) = VaF a2 )
<C[(ry = 1) + | x (1 =) = x ()] (33)

On other hand, since V)%F is bounded by C on all paths considered:

Ax(i]")
(v Ep (e = ) (e (e =) = () (11 =) = (1)
Ax(])
o V) A (i) Ax (1)

— (92 (2 g Yangs)

—|—tr(V?Ft;z (x

<2C|Ax(t ,+1)|2 (54)

Hence, we have shown that:

Ax(t'y)) Ax (]
F’in+1 (x:i;Jrli - ’ vZ+1 ) Fttn+1 (x::nﬂ_’ v’nf+1 ) T Ftn( i Zﬂ—) B leﬂ (XZ"fX(I )’ vZn_)
= Vy Fyn (xnn Ax( ), v:’(,_)zﬁxi” + %tr[VZFt ( . Ax(if ), vtr‘,,_)tchl-r’Sx?] +r'+q

where 7" is bounded by

4K‘8x;l|2 sup |V2Ftn( nx—x(t )’ U?ﬂ ) szt"( n,Ax(t] )’ U?ﬂ_)‘ (55)
xeB(x(t'),nn+€) ! !
and ¢! is bounded by
€' (]| Ax(e!)] + ] Ax(ef)[7) (56)

Denote i"(t) the index such that # € [¢], 0 th © 41[- Summing all the terms above for i €
Cr(e)N{0,1,..k(n) —1}:

e The left-hand side of (44) yields

Fr(xp.vp) = Foro.vo) = 3 Fo (xp vin ) = Fe(xovin)  (57)
0<i<k(n)—1,i€l] (¢)
which converges to
Fr(cr,vr) — Fo(xo.vo) = Y Fulru, vu) — Fu(Xu—, vy (58)

uel0,T]UCq (e)
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e The sum of the second and fourth lines of (44) can be written:

nAx(A) n
0<i<k(n)—1,iely (e)

1 Ax(t!
Y (VR Yaxpext)
0<i<k(n)—1,i€l} (€) ’ l

+ > g (59)
0<i<k(n)—1,iel} (€)

Consider the measures ,u;’j = Ei’} — ZO<S<T’S€C2(€)(Aﬁj (s))25s, where f;; =x;, 1< j<d
and fi; =x; +x;,1<i < j<dand ‘;“l.’} is defined in Definition 11. The second line of (59)
can be decomposed as:

1 Ax(t"
Ats S (YRR (S v ) Ax ) Axw)) (60)
0<u<T, ucCs(e) l '

where

JAx (R0
_ n Z 2r " inw’ n -
An=tr / wn Vi, (x’i'iw)— ’U’f'n(n_)l’e(ti il
10°7] 0<i <k(n)—1, i€l ()

where u* denotes the matrix-valued measure with components u:‘j defined above. ,u;’j con-
verges vaguely to the atomless measure [ f;;]. Since

Ax(@h )

2 mAXin ) n

Z \& Ft?” ) (xf,-rfl o~ > U (t)—) l(lin’tinJrl]
0<i <k(n)—1, i€l ()

is bounded by C and converges to Vf Fi(xi—, vi—)1r¢c,(e) by left-continuity of V)%F , apply-
ing Lemma 12 to A, and yields that A, converges to

/ %tr(tV)%F,(xu_, vu_)d[x]c(u)) (61)

10,T7]

The second term in (60) has the limsup of its absolute value bounded by Ce?. Using the

same argument, since |r;'| is bounded by s{l|8)cl."|2 for some s;' which converges to 0 and

is bounded by some constant, ngo) - |r'| has its lim sup bounded by 2C €2; similarly, the

limsup of Y"4"~" |¢7| is bounded by C'(Te + €2).
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The term in the first line of (59) can be written:

k(n)—1

Z Vi Fn xnnAx(Z g v ) (x (41) — x(17"))

_ » Ve Fp (o 2w ), — 2 (62)

0<i <k(n)—1,iel]! (e)

where the second term converges to 20<u<T, e (e) ViF,(xy—, v, )Ax(u).
e The third line of (44):

T
/ DBl it Vi i) N0 € A ©63)

fin uy M 1im ()
0

where the integrand converges to D, F,, (x,—, vy—)1,¢c, () and is bounded by C, hence by
dominated convergence this term converges to

/D,Ft(xu_, v,—)du (64)

Summing up, we have established that the difference between the lim sup and the liminf of:

Do Ve (e 2w ) (i) = x() (65)

is bounded by C” (e 4 T¢). Since this is true for any e, this term has a limit.
Let us now write the equality we obtained for a fixed e:

Fr(xt, vir) — Fo(xo, vo)

1 172 c
= DtFt(xu—a Uu—)d”+ Etr[ vth(xu—a vu—)d[x] (M)]
10,T] 10,T]
k(n)—1

+ lll}l‘n Z vx Ft” ’/;AX(Z )’ U;/llfl_)(x(t;l+l) - x(tln))
i=0

+ Z [Fu(xu’ V) — Fy(ey— vy ) — Vi By (xy—, Uu—)Ax(”)] + a(e)
uel0,T]UC (e)

where o(€) < C”(e? 4 Te). The only point left to show is that:

> [P vi) = Fuue v ) = Vi Fu(xue, vu) Ax(w)] (66)
uel0,T]UCq ()
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converges to
Z [Fu (Xu> vu) — Fu(xy—, vy—) — Ve Fy (xy—, Uu—)Ax(u)] (67)

uel0,7]

which is to say that the sum above is absolutely convergent.
We can first choose d(K, U¢) > n > 0 such that:
Vuel0,T], V(x',v') €Uy x Sy,
doo((xr.vp), (X' V) < = |VEF(x(),v@w))| <C (68)

The jumps of x of magnitude greater than »n are in finite number. Then, if u is a jump time
of x of magnitude less than 5, then x(u—) +hAx(u) € U for h € [0, 1], so that we can write:

Fu(xy,vy) — Fy(xy—, vy—) — Vo Fyy Gey—, vy — ) Ax (u)
1
— /(1 — W[ V2F, (b2 v, ) Ax(u) Ax ()] < %C!Ax(u)|2
0

Hence, the theorem is established. O

Remark 8. If the vertical derivatives are right-continuous instead of left-continuous, and without
requiring (14) for V, F we can still define:

k(m)—1
X0 =Y x (@) (0 + X (D) gy (1)
i=0
k(m)—1
VIO = Y 0@ @ +u(Dry(6), k=t — 1! (69)
i=0

Following the same argument as in the proof with the decomposition:

Fn (xn V4 )—Fn(xn l)n):Fn (xn V4 )—Fn (_xn V4 n)
Lo\l Pl G\ Lo\l Vi B\l U
+ Fz."

i+1

n n
+ Flin+1 ('xti",h;l’ vlin,l’l;l) - Fl‘ln (xtl_’l’ vl‘in) (70)

n n
X Vs n)—Fn ()C Uyn ”)
( i O i\t h Uk

we obtain an analogue of formula (41) where the Follmer integral (40) is replaced by

k(m)—1
lim Z Vth{'H(xZn,hi’ UZ”,hlf’)(x(tin—H) —x (1)) (71)
=0
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5. Functionals of Dirichlet processes

A Dirichlet process [8,4], or finite energy process, on a filtered probability space (£2, B,
(B;),P) is an adapted cadlag process that can be represented as the sum of a semimartingale
and an adapted continuous process with zero quadratic variation along dyadic subdivisions.

For continuous Dirichlet processes, a pathwise It6 calculus was introduced by H. Follmer
in [7,8,11]. Coquet, Mémin and Stominski [4] extended these results to discontinuous Dirichlet
processes [16]. Using Theorem 4 we can extend these results to functionals of Dirichlet pro-
cesses; this yields in particular a pathwise construction of stochastic integrals for functionals of
a Dirichlet process.

Let Y (¢t) = X (t) + B(t) be a U-valued Dirichlet process defined as the sum of a semimartin-
gale X on some filtered probability space (£2, B, BB;, P) and B an adapted continuous process B
with zero quadratic variation along the dyadic subdivision. We denote by [ X] the quadratic vari-
ation process associated to X, [X]¢ the continuous part of [ X], and i (dt dz) the integer-valued
random measure describing the jumps of X (see [10] for definitions).

Let A be an adapted process with S-valued cadlag paths. Note that A need not be a semi-
martingale.

Wecall [T, ={0=1tj <t/ <--- < t,’:(n) = T} a random subdivision if the t!' are stopping
times with respect to (B;);e[0.7]-

Proposition S (Change of variable formula for Dirichlet processes). Let IT, = {0 = t5 < t] <
cee < t,’:(n) = T} be any sequence of random subdivisions of [0, T'] such that

(1) X and B have finite quadratic variation along I, almost-surely, with [B] =0, and

(ii) sup  |Y() —Y(@)|+ |[A@) — AG—)| =250 P-as.
tel0,T]-11,

Then there exists §21 C §2 with P(£21) = 1 such that for any non-anticipative functional F €
CL2([0, T) satisfying

F is predictable in the second variable in the sense of (2),
V)%F and DF satisfy the local boundedness property (9),
F,V.F,V}F e F%,

V. F has the horizontal local Lipschitz property (14),

b NS

the following equality holds on §21 for all t € [0, T]:
Fi(Y;, Ay) — Fo(Yo, Ao)

1
= / DyF(Y,—,Ay_)du+ / Etr[tv)%Fu(Yu—, Au—)d[X]C(M)]
10,¢] 10,¢]

+ / /[Fu(Yj_aAu_)_Fu(Yu—vAu—)_vaFu(Yu—sAu—)]M(du’dZ)

10,21 R4

+ f Vo F, (Yo, Ay_).dY () (72)
10,71
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where the last term is the Follmer integral (40) along the subdivision I1,, defined for w € §21 by

k(n)—1 0
/VXFM(YM_,AM_).dY(u) =tim Y VeF (v AL ) (Y (1) — Y () hoa
10.4] i=0

(73)

where (Y", A™) are the piecewise constant approximations along I1,, defined as in (39).
Moreover, the Follmer integral with respect to any other random subdivision verifying (1)—(ii),
is almost-surely equal to (73).

Remark 9. Note that the convergence of (73) holds over a set £2; which may be chosen indepen-
dently of the choice of F € CL2([0, T]).

Proof. Let (I1,) be a sequence of random subdivisions verifying (i)—(ii). Then there exists a
set £21 with P(£21) = 1 such that for w € §21 (X, A) is a cadlag function and (i)—(ii) hold path-
wise. Applying Theorem 4 to (Y (., w), A(., w)) along the subdivision IT,(w) shows that (72)
holds on £2;.

To show independence of the limit in (73) from the chosen subdivision, we note that if 17,%
another sequence of random subdivisions satisfies (i)—(ii), there exists £2, C §2 with P(£2;) =1
such that one can apply Theorem 4 pathwise for w € £2>. So we have

f Ve Fy (Yu, Ay_).d™ Y (u) = f Ve Fu(Yue, Au—).dY (u)
10,¢] 10,7]

on £21 N £2,. Since P(£21 N §£22) = 1 we obtain the result. O

Example 1. If Y = B¥ is a fractional Brownian motion with index H > 1/2, then it has quadratic
variation zero almost-surely along dyadic subdivisions. The «-Holder continuity of sample paths
of B for « < H, together with the horizontal local Lipschitz property (14) then implies that ¢
Ft(BtH ) is a-Holder continuous for ¢ < H. The pathwise integral (73) may then be viewed as a
Young integral (see [15]). However, unlike the Young integral, the construction in Proposition 5
does not rely on Holder continuity of paths: indeed X is allowed to be cadlag.

6. Functionals of semimartingales

Proposition 5 applies when X is a cadlag semimartingale. We will now show that in this
case, under an additional assumption, the pathwise Follmer integral (40) coincides almost-surely
with the stochastic integral [ Y dX. Theorem 4 then yields an It6 formula for functionals of a
semimartingale X.

6.1. Cadlag semimartingales

Let X be a cadlag semimartingale and A an adapted cadlag process on (£2, B, B;, P). We use
the notations [X], [X]¢, u(dt dz) defined in Section 5.
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Proposition 6 (Functional Ité formula for a semimartingale). Let F € CL2([0, T[) be a non-
anticipative functional satisfying

1. F is predictable in the second variable, i.e. verifies (2),
2. V,F,V2F,DF B,

3. F,V,F,V}F eF,

4. V. F has the horizontal local Lipschitz property 14.

Then:

Ft(Xt, At) - FO(XO, AO)

1
:fDuF(Xu_,Au_)dLH— f Etr[fvau(Xu_,Au_)d[X]C(u)]
10,7] 10,7]

+ f Vo Fu(Xus Au_)dX (1)
10,7]

+//[Fu(xg_,Au—)—Fu(xu_,Au_)—z.vxFu(Xu_,Au_)]u(du,dz), P-a.s.

10,1 R4
(74)

where the stochastic integral is the Ito integral with respect to a semimartingale.
In particular, Y (t) = F;(X;, A;) is a semimartingale.

Remark 10. These results yield a non-probabilistic proof for functional It6 formulas obtained
for continuous semimartingales [2,3,6] using probabilistic methods and extend them to the case
of discontinuous semimartingales.

Proof. Assume first that the process X does not exit a compact set K C U, and that A is bounded
by some constant R > 0. We define the following sequence of stopping times:

n__
790 =0

1
T = inf{u >1_;|2"ueNor |[A() — Aw—)| v | X ) — X(u—)| > —} AT (75)
n
Then the coordinate processes X; and their sums X; + X ; satisfy the property:

Y (Zz@) - Z(w-1)? L [Z1(s) (76)

T <s

in probability. There exists a subsequence of subdivisions such that the convergence happens
almost-surely for all s rational, and hence it happens almost-surely for all s because both sides
of (76) are right-continuous. Let £21 be the set on which this convergence happens, and on which
the paths of X and A are U-valued cadlag functions. For w € §21, Theorem 4 applies and yields
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Fi(X:, Ar) — Fo(Xo, Ao)

1
= / D,F(Xy—,Ay_)du+ / Etr[tv)%Fu(Xu—’ Au—)d[X]c(u)]
10,z 10,7]

]
+ f /[Fu (X,i_, Au_) - Fu(Xu—s Au—) - Z.VxFu(Xu—v Au—)] [L(dl/t, dZ)
10,71 R4

k(n)—1 AX (27
+lim Y Ve F (X5

n
n— 00 T
i=0

’ AZ}-)(X(E‘"H) - X (7)) (77)

It remains to show that the last term, which may also be written as

k(n)—1
: n,AX (")
nlggo / Z 1]1;;17-,;;11](Z‘)Vx Ftin (Xrl."— > A,;l"—)dX(t) (78)
0, =0

10,

coincides with the (It6) stochastic integral fOT V F(X;—, A;—).d X with respect to X.

First, we note that since X, A are bounded and V., F € B, V. F(X,_, A,_) is a bounded
predictable process (by Theorem 2) hence its stochastic integral fd ViF(Xy—,Ay—).dX(u) is
well defined. Since the integrand in (78) converges almost-surely to V, F;(X;—, A;_), and is
bounded independently of n by a deterministic constant C, the dominated convergence theorem
for stochastic integrals [14, Ch. IV, Theorem 32] ensures that (78) converges in probability to
f]o, " ViF,(X,—,Ay—).dX (u). Since it converges almost-surely by Proposition 5, by almost-
sure uniqueness of the limit in probability, the limit has to be f]o, . V. F,(X,_,A,_).dX(u).

Now we consider the general case where X and A may be unbounded. Let U¢ =R¢ — U and
denote 7, = inf{s <t | d(X(s),U°) < % or | X(s)| = nor|A(s)| = n} A t, which are stopping
times. Applying the previous result to the stopped processes (X™~, A"~) = (X(t Aty,—), A(t A
7,—)) leads to

Fi(X",A)
1
= / DuF(XuaAu)du+Etr[[V)%Fu(XuaAu)d[X]C(u)]+ f Vi Fu(Xu, Ay).dX (u)
10.7) 10.7)

+ f /[Fu(Xz_’ Au_) — Fy(Xy—, Ay—) — 2. Vi Fy (Xo—, Au—)] w(dudz)

10,74) R4

+ / DuF (X2, A™) du (79)

Since almost-surely t A 1, =t for n sufficiently large, taking the limit n — oo yields

1
Fi(Xo_, Ay ) = / Dy F (Xu, A+ 51 V2 Fy (X, A dIXT @)
10,1)
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+ / ViFy(Xy, Ay).dX (u)
10,7)

+ / /[Fu (XZ_, Au_) —Fu(Xy—, Ay—) — 2.V Fy (X, Au—)] pu(dudz)
10,t) R4
Adding the jump F;(X;, A;) — F;(X;—, A;—) to both the left-hand side and the third line of the

right-hand side, and adding V, F; (X;_, A;—) A X () to the second line and subtracting it from the
third, leads to the desired result. O

6.2. Continuous semimartingales

In the case of a continuous semimartingale X and a continuous adapted process A, an Itd
formula may also be obtained for functionals whose vertical derivative is right-continuous rather
than left-continuous.

Proposition 7 (Functional Ito6 formula for a continuous semimartingale). Let X be a contin-
uous semimartingale with quadratic variation process [X], and A a continuous adapted pro-

cess, on some filtered probability space ($2, B, By, P). Then for any non-anticipative functional
F € CL2([0, T|) satisfying

1. F has a predictable dependence with respect to the second variable, i.e. verifies (2),
2. V,F,V2F,DF B,

3. Felp,

4. VyF,V2F e F%,

we have

t t 1
Fi(X;, A;) — Fo(Xo, Ap) = f Dy F (X, Ay)du + f Etr[fv)?Fu(Xu,Au)d[X](u)]
0

0
t

—|—/VXFM(XM,AM).dX(u), P-a.s.
0

where last term is the It6 stochastic integral with respect to the X.

Proof. Assume first that X does not exit a compact set K C U and that A is bounded by some
constant R > 0. Let 0 =15 <1} --- < t,’:( m =1 be a deterministic subdivision of [0, 7]. Define the
approximates (X", A") of (X, A) as in Remark 8, and notice that, with the same notations:

k(n)—1
Y ViFn (X g A ) (X (871) — X (17))

1=

B f Vel (X A ) i) (04X @
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which is a well-defined stochastic integral since the integrand is predictable (left-continuous and
adapted by Theorem 2), since the times /' are deterministic; this would not be the case if we
had to include jumps of X and/or A in the subdivision as in the case of the proof of Propo-
sition 6. By right-continuity of V, F, the integrand converges to Vi F;(X;, A;). It is moreover
bounded independently of n and w since V, F is assumed to be boundedness-preserving. The
dominated convergence theorem for the stochastic integrals [14, Ch. IV, Theorem 32] ensures
that it converges in probability to jiO, . ViF,(X,—, Ay—).d X (u). Using Remark 8 concludes the
proof.

Consider now the general case. Let K, be an increasing sequence of compact sets with
U0 Kn = U and denote

T =inf{s <1 | X, ¢ K" or |[As| > n} At

which are optional times. Applying the previous result to the stopped process (X;az,, Aiaz,)
yields

tAT, tAT,

1
Fi(Xine, Asne) — Fo(Xo, Ag) = / Dy Fu(Xu, Au) i+ 3 / (1 V2 Fy (X, Ay) dIXT(0))
0 0

ATy

t
+ f ViFu(Xy, Ay).dX + / DuF(Xu/\t,,’Au/\Tn)du

0 tAT

The terms in the first line converge almost-surely to the integral up to time ¢ since t A 7, = ¢
almost-surely for n sufficiently large. For the same reason the last term converges almost-surely
to0. O

Appendix A. Some results on cadlag functions

For a cadlag function f : [0, T] +— R? we shall denote Af (1) = f (1) — f(t—) its discontinuity
atzr.

Lemma 8. For any cadlag function f:[0, T+ R4

Ve=0.31=0. r—yl<n = |fm-so)<er s {[arol} 60
telx,y

Proof. Assume the conclusion does not hold. Then there exists a sequence (xy, y»)n,>1 such
that x, < yu, yu —x, = 0 but | f(x,) — f(yn)| > €+ sup,e[xn’yn]{Mf(t)l}. We can extract a
convergent subsequence (xy (,)) such that xy ;) — x. Noting that either an infinity of terms of
the sequence are less than x or an infinity are more than x, we can extract monotone subsequences
(tn, Vu)n>1 Of (x4, yn) which converge to x. If (u,), (v,) both converge to x from above or from
below, | f(u,) — f(v,)| — O which yields a contradiction. If one converges from above and
the other from below, sup,cp, , (HIAS (O} > [Af(x)| but | f(uy) — f(va)| = [Af (x)], which
results in a contradiction as well. Therefore (80) must hold. O
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The following lemma is a consequence of Lemma 8:

Lemma 9 (Uniform approximation of cadlag functions by step functions). Let h be a cadlag
function on [0, T1. If (}' )n>0,k=0..n is a sequence of subdivisions 0 =tj <t} <--- < f;'fn =tof
[0, T'] such that:

Sup ‘tin—l-l o tln‘ —n—00 0, sup }Af(u)} —>n—s00 0
0<i<k—1 uel0. T\, 1, }
then
kn—1
sup [A(u) = > h() e gy () + (1) Lgp @) | =m0 0 (81)
uel0,T] =0 "

Appendix B. Proof of Theorem 2

Lemma 10. Consider the canonical space Ur endowed with the natural filtration of the canoni-
cal process X (x,t) = x(t). Let « € R and o be an optional time. Then the following functional:

t(x) =inf{r > 0, [x(t) —x(1—)| > &} (82)
is a stopping time.
Proof. We can write that:
{‘L’(X) < t} = U ({o <t—g}n { sup }x(u) —x(u—)| > Ol}) (83)
g€QN[o,1) relt=q.1]

and

[ sup |x(u)—x(u—)|>a}

ue(t_q7t]
i—1 l
xX|{t—q n —X t—qz—n

~U N s
thanks to the Lemma 8 in Appendix A. O

> oz} (84)

no>1n>ng I<is?”

We can now prove Theorem 2 using Lemma 8 from Appendix A.
Proof of Theorem 2. Let’s first prove point 1; by Proposition 1 it implies point 2 for right-
continuous functionals and point 3 for left-continuous functionals. Introduce the following ran-
dom subdivision of [0, ¢]:
3 (x,v) =0
1
o (x,v) = inf{t >t (x,v) [ 2Vt eNor [v(t) —v(t—)| Vv [x(t) —x(t—)| > N} At

(85)
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From Lemma 10, those functionals are stopping times for the natural filtration of the canonical
process. We define the stepwise approximations of x; and v, along the subdivision of index N:

N
(s) = Zx N (x.v) [t ERDORAANES () + X1y (s)

0
N
HOEDY Ve ooy L . o ) F VO 11y (5) (86)
k=0

as well as their truncations of rank K :

K K
kM=) vy oy () kO =) vl oy () (87)
k=0 k=0

First notice that:
N N ' N N
Fi(x;, v, ):KlgnooFt(Kx, LKV ) (88)
because (g x/V, gv!¥) coincides with (x, v) for K sufficiently large. The truncations

Ftn(thN,KvtN)

are J;-measurable as they are continuous functionals of the measurable functions:

[(e(e ). v(5 (e ). k< K)

so their limit F;(xY,vN) is also F;-measurable. Thanks to Lemma 9, x¥ and v converge
uniformly to x; and v;, hence F; (xtN , vtN ) converges to F;(x;, v;) since F is continuous at fixed
times.

To show optionality of Y (t) = F;(X,, A;) for F € F°, we will construct Y as limit of
right-continuous adapted processes. For ¢t € [0, T'], define i"(z) to be the integer such that
t e [’T (’H)T) Define the process: Y"((x,v),t) = Finwr (X gnapr , Varenr ), wWhich is piece-

wise constant and has right-continuous trajectories, and is also araapted bny the first part of the
theorem. Now, by d, left-continuity of F, Y"(t) — Y (¢), which proves that Y is optional.

We similarly prove predictability of Z(¢) for a right-continuous functional. We will exhibit
it as a limit of left-continuous adapted processes. For ¢t € [0, T'], define i"(¢) to be the in-
teger such that 7 € (iT (H'l)T] Define the process: Z"((x,v),t) = F(,n(,)+1)r (x O s
v, @wnT ) which has left-continuous trajectories since as s — r—, t — ' sufﬁc1ently small,

”(S) —'i"() and (X,_ @wenr U @nwen ) CONVerges to (X, anoenr
n n ’ n

oY V,_ @wnr )

-1’
for doo. Moreover, Z" (t) is F;-measurable by the first part of the theorem, hence Z"(¢) is pre-

dictable. Since F € F2°, Z"(t) — Z(t), which proves that Y is predictable. O
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Appendix C. Measure-theoretic lemmas used in Theorems 3 and 4

Lemma 11. Let f be a bounded left-continuous function defined on [0, T], and let w(n) be a
sequence of Radon measures on [0, T'] such that i, converges vaguely to a Radon measure [
with no atoms. Then for all 0 < s <t < T, with Z being [s,t], (s,t], [s,t) or (s, 1):

1i,gn/f(u)dun(u)=/f(u)du(u) (89)
T 7

Proof. Let M be an upper bound for | f|, F,, () = u, ([0, ¢]) and F(¢) = ([0, t]) the cumulative
distribution functions associated to u, and . For € > 0 and u € (s, t], define:

nw)=inf{h >0 ||fu—h)— fw)| =€} Au (90)

and we have n(u#) > 0 by right-continuity of f. Define similarly 6 (u):

9(u)=inf{h>o|\f(u—h)—f(u)\>§}Au o1)

By uniform continuity of F on [0, 7] there also exists ¢ (u) such thatVv € [T —¢(u), T], F(v+
C(u)) — F(v) < en(u). Take a finite covering

N
s, 11 | J(wi — 0Gu), ui + ¢ (ui)) 92)
i=0

where the u; are in [s, ], and in increasing order, and we can choose that ug = s and uy = 1.
Define the decreasing sequence v; by vgp =t and, for j > 0,

i(j)=min{i >1, vj € (u;, ui+11}
vjit1 =ui(jy ifuigy <vj—nv;)

Vit =max(vj — n(vj),s) ifuijy >v; —nv;)
Denote M = max{j, v; > s},
J={j=1..M, ui;y <vj —nw} J={1..M}—J,
and define the following piecewise constant approximation of f on [s, ¢]:
M—1

g) =Y f 0 (93)

J=0
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If jeli, |f(u) —gw)| <€ on [v;—n;),vjl, and v; — n(u;)) — vjr1 < CWi(+1) =
¢(vjy1), because of the remark that v; — Mv; <ui(j) —6(uicj). Hence:

f | f (@) — g@)|dp(u) <e[F(vj+1) = Fv)] +2Men(vj41) (94)

(vj,vj41]

If j € o, | f(u)—g)| <eon[vjyg,v;]. Sothat summing up all terms we have the following
inequality:

/\f(u)—g(u)|du(u)<6(F(t)—F(S)-I-ZM(I—S)) 95)
[s,1]

because of the fact that: n(v;) <v; —v;1 for j < M. The same argument applied to , yields

/ | f ) — g(u)| dun(u) < €[F(t) — Fu(s—)]
[s,t]
M—1

+2M Y Fawjrn) = Fa(vig1 — £ (wjg)) (96)
j=0

so that the lim sup satisfies (95) since F;, (u) converges to F'(u) for every u.
On other hand, it is immediately observed that

lim f o) djun () = / W) dp(w) ©7)
A 7

since F,(u) and F;,(u—) both converge to F (u) since u has no atoms (g is a linear combination
of indicators of intervals). So the lemma is established. O

Lemma 12. Let (fy)n>1, f be left-continuous functions defined on [0, T, satisfying:
Viel[0,T], lim f,(2) = f(1), Viel0,T], fu(®) <K (98)
n
Let also u, be a sequence of Radon measures on [0, T such that u(n) converges vaguely to a

Radon measure 1 with no atoms. Then for all 0 <s <t < T, with I being [s,t], (s,t], [s,t) or

(s,1):
t
/ S ) d o (10) = o / £ duu) 99)
A s

Proof. Let € > 0 and let ng such that p({sup,,>,, [ fm — f| > €}) < €. The set {sup,,>,, | fm —
f| > €} is a countable union of disjoint intervals since the functionals are left-continuous, hence
it is a continuity set of © since u has no atoms; hence, since w, converges vaguely to w [1]:
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timpu, ({ sup 1w = f1> €} ) =n({ sp 1fn— fI>€]) <e (100)

m>=ng mzng

since [, converges vaguely to u which has no atoms.
So we have, for n > ny:

n>no

[0 = sl dpnto) <26 (| swp 1, = £1= ] ) +em@ a0y
A

Hence the lim sup of this quantity is less or equal to

2KM<{ sup | fn — f1 > e}) +en(@) < (2K + pu(D))e (102)
m=>=ng
On other hand:
lim f £ ) dpin () = / ) dp(w) (103)
A A

by application of Lemma 11. O
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